Geometric Inequalities
Notation and Basic Facts a, b, and c are the sides of ∆ABC opposite to A, B, and C respectively. Example 5 (Erdös-Mordell Inequality) If P is a point inside triangle ABC and P a , P b , P c are the length of the perpendicular from P to sides a, b, and c respectively, then P A + PB + PC ≥ 2(P a + P b + P c ). Equality holds if and only if ABC is equilateral and P is the centre. Solution:
(because x + x 1 ≥ 2 for x > 0 with equality holds if and only if x = 1) Equality holds if and only if A = B = C and P a = P b = P c . i.e. ∆ABC is equilateral and P is the centre of it. Example 7 (Fermat's Point) Given ∆ABC, find a point P on the plane of ABC such that PA + PB + PC is least. Solution:
Each angle in ∆ABC is less than 120 o . We rotate ∆APB about B 60 o counterclockwise.
Then ∆BPP′ is equilateral, and so PA + PB + PC = A′P′ + P′P + PC ≥ A′C To make PA + PB + PC minimum, we choose P such that A′, P′, P and C is collinear. Similarly, we have ]
where u =x/a, v = y/b, w = z/c. 
from which we obtain
The AM-GM inequality 27
Proof of the second inequality: Clearly, P is interior to the medial triangle of ABC if and only if
Suppose that P is interior to the medial triangle and write Combining the two inequality, we get a 2 + b 2 + c 2 < 4 3 [ABC] which contradicts the inequality (*)
Second solution:
Assume on the contrary that α, β, γ are all greater than 30 o , it follows that each is less than 150 o . This leads to PA = PS/sin α < 2PS, PB = PQ/sin β < 2PQ, and PC = PR/sin γ < 2PR. Then PA + PB + PC < 2(PS + PQ + PR) which violates the Erdös-Mordell inequality. o . Prove that AG + GB + GH + DH + HE ≥ CF.
Soln:
As in the figure, we draw equilateral triangles ABX and DEY such that ABCDEF is congruent to DBXAEY. Since the corresponding sides and angles are equal, CF = XY. Now ∠AXB + ∠AGB = 180 o = ∠DYE + ∠DHE. So ABXG and DHEY are cyclic quadrilaterals. By Ptolemy's theorem, AB×XG = AX×GB + XB×AG, which implies XG = AG + GB. Similarly, HY = DH + HE. Therefore, AG + GB + GH + DH + HE = XG + GH + HY ≥ XY = CF. 
